
1nt.roductim. .- I n  the  l i . t e r i tu re ,  soltlticlns of boundarj-valce problem 

Ere often expressed in t e r m  of i n c o q l c t e  s e t s  of eigenfunctions. There 

does not seen t o  be ary procedwe t h z t  can be followed i n  general. 

the inconplete set  discovered i n  the process of solying a pa r t i cu la r  problem 

And, 

is not. systaercat,icall5. jnvzstigated t o  see  i f ,  o r  t o  what extent, it can be 

med i n  o ther  prcblem. 

izl tegral  transfcrms can be enployed as ;; format i n  ezplcrying thesq incomplete 

I n  this nots, we will shot; t-hat the  method G$ 

sets  t o  t.he grez tss t  advzntage. 

We 15.11 demonstrate t h i s  with two examples. The first e x a q l e  i s  tho 

fin!te Fourier s i n e  transform with a p z r t  of the  complete se t  of e igenfwctions 

omitted intentionally.  

equitriengtfiar transform) establjshed by the  author on an incolrrplete s e t  of 

The second example is a new transform (cal led an 

eigenfunctions i n  a equi la te ra l  t r iangular  regj.on. The first example is of 

ccurse t r iv i a l .  Bdt it serires t o  show t he  mcltivstion behind the  procedure 

used. It w i l l  be seen j n  both exanples t h a t  an integral transform based on 

an i r i coq le t e  set  of eigenfunction car. o ~ l y  be used in solving a l imited 

class of boundary-ralue problems. The l jmitat ions (beside the ones ccmcri 

t o  all i n t eg ra l  transforms ) w i l l  shox up in the  admissible boundzry values, 1 

forms of the inhomogeneous terms and i n i t i a l  values, i f  am. But  these 

l imi ta t ions  w i l l  cone ou% of the  procedure, and a r e  known beforehand. The 

?Lineari ty ,  apFearance of onxv powers of the Laplacian, pe r t i cn la r  kind of 

z 
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embody m2,2;. physical pm%lt?i?.3. 

The procedure is  n e i m  aimcd a t  problems i n  tuo-dimensional regions 

whjch can not be decompcsed i n t o  two one-dimenslonal regions; i.2.) regions 

other than rectangles, c i rc les ,  annulus and sectors.  For such regions, 

there  is  no systematical way 

but an incomplete s e t  is often known i n  t h e  l i t e r a t u r e .  

2 
of obtelning a corriplete se t  of eigenfunctions; 

It is then possible 

to f ind the c l a s s  of problems whose solutions can be expressed in terms of 

each one of these incomplete se t s .  

A Simnle Examle, 

The complete s e t  of eigenfunctions of the system 

2 f " ( x )  + x f ( x )  = 0, 0 x < x 

f = O  a t  x = O  a n d X  

mllx is  known to be s in  7 , m = 1, 2, 3, 4, . . . 
Based on t h i s  complete set, we can es tab l i sh  the  f i n i t e  Fourier s ine  t rans-  

3 form f o r  functions sa t i s fy ing  Dirichlet 's  conditions i n  (0, X) 

which has the  important properties t h a t  

Except t h a t  of an approximate nature based on the  var ia t iona l  principle.  2 

3Sneddon, I. N., Fourier Transforms, McGraw-Rill ,  1951, pp. 71-76. 
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This transform c m  then be employed t o  solve l ineEr boundary value prohlems 

t h a t  contain only even-crderd derivatives, with functional values given 

on x = 0 and X. 

Now, f o r  t he  sake of argument, l e t  us asstims t h a t  we are only able t o  

obtain the. i n c o q l e t e  s e t  cf eigenfunctions 

s i n  W , n = 1, 3, 5, 7 ... 
We can also es tab l i sh  a transform 

/ x  

' 0  

Eht then, 

and the  transform is no longer of immediate use i n  boundary-value proklens. 

For one thing, the  transform of F t t  reccgnizes only the  difference between 

F ( X )  and F(O), not  F ( X )  and F(0) individually. 

We can remedy th is ,  of course, by supplementing t h i s  incomplete s e t  of 

eigenfuncticns by the supposedly 

associated with eigen-v alues 5, 
functions sa t i s fy ing  M r i c h l e t * s  

unknown complementary s e t  

(a l so  supposedly unknown). Then, f o r  

ccnditions, we have 

aJ 

where 



, 

I *  
A 

F g  d x  
V 

and Mv is the  nom, of {9J , i*e*, 

A 
The complementary tramform ( ) has the  property t h a t  

Consider now the  following s i q l e  boundary value problem: 

2 
+ G ( x , t ) , O < x < X , t > O  

X = 0 : F = a ( t )  

X = X : 

t = 0 : 

F = b(t)  

F = C(X) 

/v 
Applying the  transform ( ) t o  t h i s  s y s t e m ,  w e  have 

if;: 
N 

frcn which F can be 

,2,2 - z 

1 - a ( t ) ]  a - F + G ( n , t )  2 [ b ( t )  X 

* 
F = $(n) 

e a s i l y  solved. 
A 

Sjmi la ru ,  an application of ( ) yie lds  



.- .. . - ~~ 

I 
- 5 -  1 

A 
from wbich E" czn also be so3snci. The solution F cf t he  o r i g i n a l  prctlem 

with possible Gibbs' phencmenon on x = 0 and X 
I 

I 
But we have assumed t h a t  we do not know the  set  

therefcre ,  t o  es tabl ish the  conditions under which the secopd series i n  

the fmmula f o r  F vanishes. 

su f f i c i en t  cGndi.tion for t h i s  t o  happen is  

I 
I 

A 
ThFs ok4viously reqt?ires t h a t  F = 0. A 

A 

In other  words,(l) t he  bctindary values m u s t  be zero on x = 0 and X; (2) 

t he  inhomogeneous term and the  i n i t i a l  value a s  functions of x must belong 

t o  a class which a r e  ewandable in terms of s i n  nF with n = 1,3,5, . . . . 
The most important menber of t h i s  class is  the constant 

which y j e lds  

Ancther obvious member i s  sin E X which y,slds 

- x  q , n = l  nx 
sin = 

= O  , n # l  



problcn of order 2j in x and coxtainii ig only even-order der iva t ives  wiCn 

respect t o  x i.s solvable by an app l i ca t ion  of t h e  transforn ( ) alone, 
N 

2 i  if (1) T) F/3x2’, 1 = OY1,2, . . , ( j -1) ,  vanish on x = 0 and X, (2)  the inhom- 

geneous term and initial values as funct’lons of x belong t o  the  same 

class s t a t ed  before. 

An Equitriangular Transform. 

Consider t h e  H&nholtz equation 

2 V2f + x  f = 0 

i n  a equ i l a t e ra l  t r i ang le  R (Fig. I) wjth t h e  boundary condition 

f = O  o n E  

4 Here Q2 is  the  Laplacian and B is t h e  boundary of R. Sen has discovered 

a set  of eigenfunctions f o r  this system 

with eigenvalues 

(See Fig. 1 for  nomenclature,) Based on Sen’s set, an in t eg ra l  transform 

can be defined as 

‘Sen, B., W o t n  on Some Two .L)imensional Prcblenls of 32astjcit.y Connected with 

P l a t e s  H m j  zg Tr-iangulsr Boundsries” ,  B u l l e t l ~  of t h e  Cslcutta Y - ? t h m ? t i c a l  

Society, 26 (1934>, pp. 65-72. 



5 But then , 

-f 
where N is t he  outward uni t  normal vector of E 2nd ds 5s l i n e  elernsnt 

along B. 2 We s e e - t h a t  t h e  transform of V F does not reccgnize the  

d s t a i l e d  var ia t ion  of F on B, but only a ce r t a in  average of it. This 

i s  an indicat ion t h a t  t he  s e t  is inconplete. 

To make mxiroum use of Sen's se t ,  w e  can supplement it by i ts  com- 

plementary set {Pv] with ejgenvalues 5 ,  t o  make it conplete. Unlike 

i n  the  previous case, (gV] and fv a re  r e a l l y  unknown t o  us. Hoi-zever, 

we can follow exact ly  t h e  same procedure as before t o  f i n d  out undm whnt 

condi'tlons a r e  boundary value problem solvable by using the  transform 

( ) alone. The con- 

clusion is: 

rc/ 

It is not necessary t o  repeat  t he  argument here. 

The l i n e a r  bo-mdary value problem containing only powers of the 
/J 

Laplecian ( t o  the j t h  power) is solvable by an application of ( ) alone, 

2 %  if (1) (V ) , i = 0,1,2, ... (3-I), van5.sh on B, ( 2 )  the  inhomogeneous 

term and i n i t i a l  values belong t o  the c l a s s  of functions which can be 

expanded i n  a series of (sin Xnpl + s i n  Xnp2 .c sin X p ). n 3  
It is veqy gra t i fy ing  t o  s e e  t h a t  the important c m s t a n t  funct ion belsngs 

6 t o  th is  c l a s s  . 
'For a discussion of general  i n t eg ra l  transforms i n  an a rb i t ra ry  region, s ee  

Kaplan, S .  and Sonnemann, G., "A Generalization of the F i n i t e  In t eg ra l  Trans- 

form Technique and Tables of Special  Cases", Proc. 4th Midwestern Conference 

on Sol id  Mechanics, University of Texas, 1959, pp. 497-513. 

Sen, ib id .  6 
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S o w  examples a re  t r ans i en t  ~ 5 s c o u s  flow with or  wi thou t  suspended par t ic les ,  

transierrt  hezt  conduction o r  n a t u r a l  convect3 on, combined natural  and 

forced convection, all ins ide  an equitriangular duct o r  column; and t ran-  

s i e n t  def lect ions cf simply suppor t4  e q u i t r i a n p l a r  plates o r  mnbranes. 

The r e su l t s  w i l l  be reported elsewhex. 

describe the fundamental format. 

The object  of t h i s  note is t o  

It j s  hoped that other knom sets of 

eigenfunctions i n  the  l i t e r a t u r e  can be eq loyed  i n  t h e  szne manner t o  

t h e i r  maxinum cspabi l5t ies  . 
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Fie. 1 The Equi t r iangular  Region 


